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Let {L,},.r, be a sequence of positive linear operators from Ci0, 1] into B(R).
where B(2) is the space of real bounded functions over Q< {0, 1], meas(£2)>G.
Suppose that for each n the linear space {L, f: e Cf0, 1]} has dimension n+ 1. Tt
is shown that the quantity

2
Y L, (1 x)— x|
=0

does not tend to zero on a set of positive measure. € 1992 Academic Press. Inc.

1. INTRODUCTION

It was aiready shown by P.P. Korovkin [1] that for the functions I,
cos x, and sin x the order of approximation by positive linear polynomiai
operators L,(f:x) (neN, feC,,, L,f is a trigonometric polynomial of
order n) can not be better than 1/#* in the norm of uniform convergence.
Ph. C. Curtis [2] and V. K. Dzyadyk [3] have generalized this result to the
spaces L?[ —m, 7], 1<p<oc. One of the authors of this note [4] has
extended the result of Korovkin to the setting of almost everywhere
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convergence. It was shown that almost everywhere at least one of the
quantities

n’[L,(1;x)—17,  »’[L,(cos t; x)—cos x1,
n?*[L,(sin t; x) —sin x] (L.1)

does not tend to zero if the norms of the operators [[L,{, ¢, are
uniformly bounded. Furthermore, for convolution operators the same
result holds for all points of R. All these results were based on the
Bernstein inequality for trigonometric polynomials of order n: || T,/{ ., <
n (T, e,

If instead of 1, cos x, and sin x, we take 1, x, and x’, one can obtain the
same results for algebraic polynomial operators.

V.S. Vidensky [5] has shown that neither the polynomial properties of
operators nor the Bernstein inequality is necessary for the proof of these
results; it is the dimensions of the operators’ images that play the principal
role.

Let Cla, b] be the space of real continuous functions on [a, b]. A linear
operator L mapping C[a, b] into a linear space of finite dimension # is
called an operator of finite rank n. Let L, be a positive linear operator of
rank n+ 1 defined on C=C[0, 1] and let L,(I;x)=1. It was shown in
[5] that

2L, (65 x)—xlc+ 1 La(2%5 %)= X ¢

2| L ((t—x)% x)l e = 1/4(n+ 1) (1.2)
Furthermore, it was shown in [5] that

inf || L, ((t—x)% x)ll c < 1/4n?, (13)

L,e %,

where &, is the class of positive linear operators of rank n 4 1 from C[0, 1]
into itself satisfying the condition L,(1; x) = 1. A similar result holds in the
trigonometric case.

In this paper, using basically the method of V.S. Vidensky, we give a
generalization of these results and those of [4]. We shall show that for
positive linear operators L, with finite rank n+ 1, almost everywhere at
least one of the quantities

n’[L,(thx)—x’],  j=0,1,2,

does not tend to zero as n — oo, even if the sequence of norms || L, ||, ne N,
is not bounded. Furthermore, inequalities (1.2) and (1.3) are true in the
case of positive linear operators in spaces of functions defined on sets
Qc[0,1].

The same results hold for the quantities (1.1) in the trigonometric case.
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2. LEMMAS

Let Fc[0,1] be an infinite closed set, and meN. Designate by
0=¢,<é<--- <&, =1, where n, <m, all the points of the set w, =
{E=k/m: [(k—=1)m, (k+1)/m)n[Fu{0}u{l}]#&, 0<k<m}, and
put

Em={U[Q4id}UUL

kevy

where
V= {ki &~ & =1Um [& \, E)NFAD)

Note that F,, o F. Taking into account that the set (0, 1 )\ F is composed of
disjoint open intervals, we get

lim meas([0, 1]\ F,,)= lim T:nfzﬂ=meas([0, 1I\F).

ht— O m— C

Therefore

lim meas(F,,)= lim z'f--—meas(F).

m— 0 nm— 0

For each fixed natural number # choose m =m(n) so that n,,<n<n,, ;:
and hence

lim ———meas(F)  (n,m=m(n)eN). 2.1
H— G m(n)

Now, designate by 4,.(x) (neN; k=0, 1, .., n,) the continuous func-
tions on [0, 1] such that 4, (¢;)=9,,, where §,, is the Kronecker delta,
0<i, k<n,, and A, (x) is linear on each segment [&,_,, ¢ ] (i=1, ... n,)

Consider the sequence of positive linear operators on C[0, 1] with ranks
n,, <n given by the equalities

A, (Fx)= 3 F(E) A (),
k=0

where,
nm=m(n)eN, oy SH<H, ., (feCl0,1],0<x< 1)
For every feC[0, 1], the function A4,(f; x) coincides with the function

f(x) at all points &, k=0, 1, .., n,,; it is also continuous on [0, 1] and
linear on each segment [&,_;, ¢ ] (k=1, .., n,)
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In the following, B(F), where F< [0, 1], is the space of real bounded
functions with the uniform norm over F: || f'{[ pry=SUP.cr | f(x)].

LemMA 1. Let F< [0, 1] be an infinite closed set. Then

im {n | 4,((1—x)% x)ll siry} = [meas(F)1°/4. (22)

n—

Proof. Because of A,(I;x)=1 and A4,(r;x)=x, we have
A,((t—x)% x)=A,(t*; x)— x>  Furthermore, for xe[&, ,,&]<F,,
this function is a second degree polynomial which vanishes at the
points &,_, and &,. Therefore 0< 4, ((1—x)%x)=(x—&, | NE—x)<
(Ex—CE_)?/A<1/Am®  for &, <x<&,; and hence

A4 ((2 = )5 X) 35,y = /402,
14, ((t = %)% %)l sy = (1 — 07,)/4m?,

where 0,,=meas(F,,\ F)/meas(F,,); 6,,—0 as m— oo, meas(F)#0. As a
consequence of the last result and of (2.1) we obtain

nﬁ_.nio {1 4, ((t—=x)% %) 3 }

= tim {n? | 4, ((t =X )l s } = [meas(F) 14,

This completes the proof of Lemma 1. |

LemMAa 2. Let Ec([0,1] be a Lebesgue measurable set, u=
meas(E) >0, and let h be a real number such that

O<h<y/n, (2.3)

where n is a positive integer. Then there exist some points x,€F,
J=0,1,.,n Xxi<x,<--- <x,, such that

x,—x,_;=0(mod k), j=1,.,n (2.4)

Proof. Let h"'E:= {x=h"'t:t€E}, and let y,-1-(x) be the charac-
teristic function of the set #~'E. Setting

g(x)= Z Xh'lE('x+k)’ X€ [07 1)5

k=0

we get
ol

J g(x)ydx=meas(h " 'E)=h"'u>n.
1]
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There is, at least, one point y, € [0, 1) where g(y, )= #n+ L. In other words,
we can find in £~ 'E some points 3o <), < --- <p, such that y;,—3,_, =0
(mod 1), j=1, .., n. The points x;=hy;, j=1, .., n, satisly (2.4). §
3. RESULTS
The main result of this paper can be stated as follows.
THEOREM 1. Let {L,}, .. be a sequence of positive linear operators of

rank n+ 1 mapping C[0, 1] into B(Q), where 2 = [0, 1] is a measurable set.
Suppose that L, ([, -) is a measurable function for each f and each n. Further-

more, let y={n;}, where ny<n, < --- <n;< ---, and
e.={x: hm n; L, (t);x)=x'|=0;j=0,1,2;xe 2} (3.1

Then meas(e,) =0.

Proof. It is quite simple to show that e, is measurable. Assume
meas(e,) > 0. Let 6> 0 so that meas(e,)/2 > 6. Then by Egorov's theorem,
there exists a measurable set v<e,, p=meas(v)> meas(e,)—J, on which
the convergence of the expressions in (3.1) is uniform:

hm n? ” Ln,(tj; 'Y)_'xj|’B(\V):O’ j=09 1’ 2’ (32;

i

where || f [ g =SUPye, | /(X))

Set D, :={x:L,(fix)=0, ¥fe C[0, 1], xeR}, and D=limsup D, =
N Uz D, that is to say D is the set of all points that belong
to an infinite number of the sets D,. Then e,nD# (& and meas{e,n
(Ux,.D,]1)—0 as k— . Therefore, without loss of generality, we may
assume that

vaD, = for n,=zN. (3.3}

Fix m;2N. By Lemma2, we may find some points x,ev
(k=0,1,.,n+1), 0<r0<x1< - <X, <1, for which x,—x, =
O(mod k) (k=1,..,n,+1), where h is a positive number so that
h<pl(n +1) ({=meas(v).

Now, let {u,(x)},_0.1, . > XEL, be a system generating the linear space
{L,f:feC[O, lj}cB(.Q) Con51der the matrix

A= uj(xk)”j=(}‘l...,, Pk =01, i+ 1"

If rank A=0, then L, (f; x.) =2, a,(f) u;(x,)=0 for every fe C[0, 1],
which implies that {x,}i_0 1 n,+1SVN D .- This contradicts (3.3}
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Therefore rank 4 #0. Consider a non-trivial vector {V.}r—o 1 . n+1
orthogonal to all the rows of the matrix A4:

ni+1

Y peui(x)=0,  j=0,1,..,n, 34
k=

n+1
Z [yl =1,
k=0 0
Now, define a continuous function % on [0,1] by the conditions
R(xy)=sgnye, k=0,1,.,m+1; RO)=h(xy), h(1)=h(x, (), h(x) is
linear on each interval [0, xo]}, [Xo, X, ], oy [Xp» X, 411, and [x, .4, 1]
Then % e Lip,, 1 and |A] cro.q7= 1.
The function L, (%; x), xeQ, belongs to the linear space spanned by
u;(x), x € 2. Hence from (3.4),

nm+1
Y 7L, (B x,)=0. (3.5)
k=0
But then
ni+1 m+1 - m+1 - N
=Y Ind= Y nhx)= Y yelhCx)— L, (B x,)]
k=0 k=0 k=0
n+ 1 - - -
< Y vl Loy (B %) — A(x )l < N Ly (Bs X) = B() | o). (3.6)
k=0

On the other hand, from the Cauchy-Schwarz inequality for positive
linear functionals, we obtain for xe Q

an,-(Z; x)—ﬁ(x)[
<L, (|A(t) = h(x)|; x) + | (x)| | L, (1; x)— 1]
<2h~'L, (11— x|5%) +| L, (1;x) 1]
<2 [L, (1= )% %) - Lo(L; )T+ L (bx) = 1], (37)
Then by (3.6) and letting 4 tend to p/(n;+ 1), we have
WL =1L,y (15 %) ~ Ul 5y 3/4 1 L (15 X 500y
<(n;+1)* | L, ((t—x)* X vy
< (14 1)? [ Ly, (15x) = 1] 5
+2 | L, (£ x) = x|l gy + | L, (85 %) = %7 )1 (3.8)

By virtue of (3.2), the left and right hand sides of (3.8) tend respectively
to u*/4 and O as n,— oo, which contradicts p>0. Thus we infer that
meas(e,)=0. ||
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Remark. In [4], it was shown that e, can be non-empty and even
uncountable (Theorem 2).

THEOREM 2. Let %,, ne N, be the class of positive linear operators L, of
rank n+ 1 mapping C[0, 1] into B(2) with 2 < [0, 1] and satisfving the
condition L, (1; x)= 1. Further, let 4 be a subset of Q and 4 the closure of
A. Then

inf || L,((1~x)* X)| gay= [meas() 1*/4(n+ 1)* +a,/n’, (3.5}

Lpe#,

where %,=a,(4)=0 for each n and o, - 0 as n — + co.

Proof. By virtue of Lemma 1, it is sufficient to prove the inequality

inf || L, ((r— )% x)l| psy > [meas(4) 1/4(n + 1)°. (3.10}

L,e ¥y
Suppose that meas(4)>0 and 0 < % <4’ <meas(4)/(n+ 1). There exist, by
Lemma 2, some points xf<xf< --- <x¥_,, x¥ed, with x}—x¥_,=
O(modh’), k=1,2,.,n+ 1. Then we can find n + 2 points X, < x, < - <
X,i1, X €4, such that x, —x,_,>h k=1,2,..,n+ 1.

Let L,, neN, be a positive linear operator of rank #+ 1 from C[0, 1}
into B(Q) with L,(1;x)=1 and let {u;(x)};_o 1 . X€L, be a system
generating the linear subspace {L,f:feC[0,1]} of B{Q). Since 1=
L,(1; x)=2;=o a;u;(x), we have rank A =rank |u;(x Mo<j<noch<ns1
#0. Now, using the arguments of the proof of Theorem 1, we obtain, by
(3.7) and (3.8), the inequality

I L, ((2 = x)% ) 5y > [meas(d)*/4(n + 1),

which yields the inequality (3.10). |
As a consequence of Theorem 2 we obtain the following result.
THEOREM 3. Let {L,}, . be a sequence of positive linear operators of

rank n+1 from C[0,1] into B(Q2) with Qc[0,1]). Suppose thai
L {1;x)=1 for each neN and A < Q. Then

2HL, (%) _an(d)+ I Ln(12§ X)—szBm
> || L, (= x)% %)l s, > [meas(4)1°/4(n + 1)7, (2.11)
where A stands for the closure of A.

Let L?(Q), 1 < p < oo, be the spaces of those real-valued and measurable
functions which are Lebesgue integrable to the pth power over measurable
set @< {0, 1]. We have:
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THEOREM 4. Under the same conditions of Theorem 1, suppose that the
spaces C[0, 1] and B(Q) are replaced by L*[0,173 and LP(2), 1 <p< w,
respectively. Then for each v < Q, meas(v) > 0, there exists a constant C,>0
so that

D Lo (L55) = Ul sy + 2 [ L (85.%) = X ey
L1 %) = x| oy = C /0 (312)

Proof. 1f the inequality (3.12) is not true, there exists a sequence of
indexes ny<n;< --- <n;< --- such that lim,_ . n;[L, (+;x)—x/]=0,
j=0,1,2, for almost all xev. But this contradicts the proof of
Theorem 1. ||

All results, we have obtained, are still valid in the trigonometric case. In
particular, the following assertion holds.

THEOREM 1*. Under the same conditions of Theorem 1, suppose that the
spaces C[0, 1], B(RQ), and the set e, are replaced by C,,, B(Q2,), where
Q. <= [0, 2n) is a measurable set, and

ef={x: lim n}|L,(1;x)—11=0,

lim n7 |L, (cos t; x)—cos x| =0,

i—>x

lim n? |L,(sinz;x)—sinx|=0;xeQ,]},

i— 0

respectively. Then meas(e))=0.
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